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Obținerea de filme nanostructurate prin ablație laser. Aplicații

Obiective generale:
• Studiul plasmei de ablație laser în regim nanosecundă și femtosecundă
• Studiul dinamicii plasmei de ablație laser folosind ținte metalice

Pentru îndeplinirea acestor obiective au fost parcurse următoarele
activități :
A. S-a studiat influența lărgimii pulsului laser asupra plasmei de ablație
laser ;
B. S-au folosit tehnici spectrale specifice plasmei trazitorii și de imagerie
ultrarapidă ICCD pentru caracterizarea și rezolvarea spatio-temporală
a plumei de ablație laser ;
C. Au fost studiate oscilațiile electrice care apar în circuitele electronice
ale unor electrozi plasați în vecinatatea plumei de ablație laser (ținte,
pèreți, sonde, etc) sub incidența plumei de ablație laser ;
D. Au fost analizate influența diferitelor materiale (tip țintă) asupra
dinamicii plamei de ablatie laser. Rezultatele au fost comparate cu
cele obținute în studiul plasmei staționare asupra unor formațiuni de
plasmă neomogene cu structură de potențial nemonotonă. Aceste
structuri au fost identificate ca fiind straturi duble respectiv straturi
multiple de plasmă, funcție de condițiile experimentale.
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a b s t r a c t
The aim of this work is to characterize the ejection plume obtained by laser ablation of GaLaS (GLS)
samples in order to better understand the ablation phenomena for optimizing the pulsed laser deposition
of chalcogenide thin ﬁlms. The dynamics of the plasma between target and substrate was investigated
through time- and space-resolved optical emission spectroscopy. High-resolution optical spectra have
been recorded in the UV–VIS range using a 500-mm focal length monochromator and a fast gate ICCD
camera. From the space–time evolution of the optical signals, the velocities of various species (including
neutrals and ions) have been derived. Using the relative intensity method, the space- and time-evolution
of the excitation temperature and electronic density have been determined. A complex behavior of the
laser ablation plasma has been revealed.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction
Amorphous chalcogenides represent an important segment
of IR-transparent materials with multiple applications in, e.g.
the development of ampliﬁers and laser sources, optical sensors and all-optical processing components based on non-linear
properties [1–5]. In this frame, a special chalcogenide glasses
class, namely gallium lanthanum sulphide (GLS), has been evidenced (in particular when doped with rare earth elements) as
an attractive non-toxic alternative to arsenic-based glasses, with
optical transparency from the visible to infrared wavelengths, thermal stability, high refractive indices, high rare-earth solubility,
high transition temperature and large photoinduced effects [6–9].
These glasses are stable, hard, and non-hygroscopic and can be
involved in a wide range of novel opto-electronic applications
based on their photo-stimulated properties (absorption edge shifts,
photo-induced refractive index changes, photo-sensitivity, etc.)
[10–12].
For some of the applications listed above (especially those
related to integrated optics), the processing of the chalcogenide
glasses in form of thin ﬁlms is necessary. Numerous methods of
preparation are available (spin coating, thermal evaporation in vacuum, ionic and magnetron sputtering, CVD, etc.), yet synthesis
of chalcogenide thin ﬁlms of complex composition, desired stoichiometry, good homogeneity and adhesion to the substrate and
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other speciﬁc physico-chemical properties is often found to be a
difﬁcult task for these “classical” methods. Pulsed laser deposition
(PLD) evolved as one of the prospective techniques in this ﬁeld, due
to the simplicity of its principle, the possibility to obtain stoichiometric transfer of target material to the substrate and to fabricate
ﬁlms of unusual composition [3]. Although the PLD technique has
been employed for almost two decades [13] to grow chalcogenide
thin ﬁlms, the control and optimization of the deposition parameters are still generally done in an empirical manner. For the detailed
understanding of the processes connected with PLD and particularly for the optimization of the PLD of amorphous chalcogenide
ﬁlms, studying the dynamics of the plasma plume formed during
laser ablation is appealing. Despite the numerous works available in
the literature on the PLD growth of amorphous chalcogenides and
related materials, only few of them tackled this issue using optical
and electrical investigation methods [14,15]. Some authors characterized the composition of the ablation plume in terms of atoms,
molecules or clusters by using time-of-ﬂight mass spectrometry
[16,17].
The aim of this work is therefore to investigate the dynamics of plasma plume generated by nanosecond laser ablation of
GLS chalcogenide under vacuum. The behavior of the GLS plasma
formation was investigated through time- and space-resolved
high-resolution optical emission spectroscopy (OES) and fast gate
ICCD imaging. From the space–time evolution of the optical signals,
the velocities of various species present in the plasma (including
neutrals and ions) along with temporal and spatial evolution of
associated excitation temperatures and electronic densities have
been derived.
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Fig. 1. Schematic view of the experimental set-up.

2. Experimental details
The experimental set-up employed for these measurements
has been described previously [18–21]. A schematic view is presented in Fig. 1. The GLS chalcogenide target (20 mm diameter,
5 mm thick disk) is placed on a micrometric precision multi-axis
translation–rotation stage in a ∼10 l vacuum chamber evacuated
to a base pressure of 1 × 10−6 Torr by a 550 l/s turbomolecular
pump (Agilent Technologies TV-551) coupled to a 12.6 m3 /h dry
fore pump (Agilent Technologies TS-300). The second harmonic
( = 532 nm) of a 10 ns Nd:YAG pulsed laser beam (Continuum
Surelite III-10) is focused (at normal incidence) by a f = 25 cm lens
onto the GLS target, through a 1 mm diameter hole manufactured
in the substrate holder used for thin ﬁlm deposition. The estimated spot diameter at the impact point has been ∼700 m for
a laser energy of 15 mJ/pulse, leading to a ﬂuence of ∼4 J/cm2 .
The laser ablation plasma emission was visible to the naked-eye
on a distance of ∼1 cm along the normal to the target, expanding on several mm on the transversal direction. The formation and
dynamics of the plasma plume have been studied by means of
a high-resolution monochromator (Acton SP2500i, 500 mm focal
length) and an intensiﬁed CCD camera (Roper Scientiﬁc PIMAX21003-UNIGEN2, 1024 × 1024 pixels, minimum gating time 2 ns).
The monochromator is ﬁtted with one mirror and two diffraction gratings (300 l/mm, blaze at 300 nm, and 2400 l/mm, blaze
at 240 nm) mounted on the same three-position turret, which
allows an easy switching between imaging, low-resolution, and
high-resolution spectroscopy experiments. For the imaging experiments, a Nikon objective was used to form the image of the whole
plasma plume on the ICCD array through the kinematic entrance slit
(12 mm × 12 mm opening) of the spectrometer and with the turret
ﬁxed in the mirror position. The ICCD camera was triggered on the
TTL Q-switch output of the ablation laser (10 Hz repetition rate),
and an internal routine was used to increment the delay between
the laser pulse and the gate opening. For this conﬁguration, gate
widths of 5 ns were usually employed, in order to catch as much as
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possible sharp temporal snapshots in the space–time evolution of
the plume. Averaging on 20 snapshots for each delay has been performed. For spectrally resolved studies, the plasma plume emission
was focused on the monochromator entrance slit by a f = 40 mm
cylindrical lens (see Fig. 1). Low-resolution spectra were recorded
using the 300 l/mm grating and a monochromator entrance slit
width of 50 m in order to identify the spectral regions of interest. In this conﬁguration, ∼80 nm broad spectra were recorded
for a given position of the grating, with a spectral resolution of
∼0.5 nm. Finally, the high-resolution spectra were recorded with
the 2400 l/mm grating and a slit width of 50 m, resulting in a
spectral resolution of ∼0.06 nm on ∼8 nm broad spectra for a given
grating position. The complete spectrum was obtained by using
the “step-and-glue” procedure of the monochromator/camera software, which automatically increments the grating position once a
given (80 nm or 8 nm wide) spectrum was recorded.
For space-resolved optical emission spectroscopy studies, a
1 mm × 5 mm slit was placed in the vacuum chamber, at 40 mm
from the normal to the target (see Fig. 1). This slit deﬁned 1 mm
width plasma plume “slices” parallel to the target surface, which
were further imaged (∼1:10 magniﬁcation) by the cylindrical lens
on the monochromator entrance slit. The slit was maintained
ﬁxed and, for spatial scanning, we translated the target and the
laser focusing lens as a whole (i.e. without modifying the distance between them), as they were both attached to the same XYZ
micrometric translation stage. This arrangement ensures the same
ablation spot diameter on the target, i.e. the same ﬂuence, for all
the experiments performed. With this system, good spatial resolution (0.2 mm along the normal to the target, for a monochromator
entrance slit of 20 m) and S/N ratio (usually >100) have been
achieved.
The experimental set-up includes also electrical probes (target
potential, Langmuir probes) linked to a fast digitizing oscilloscope
(2 GHz, LeCroy) for transient plasma sub-ns investigations which
are not presented in this paper.
3. Results and discussion
In order to obtain a preliminary insight on the dynamics of the
laser GLS ablation plasma plume, ICCD sequential snapshots of the
spectrally unresolved plasma optical emission are recorded at various delays (100–1300 ns) with respect to the laser pulse (Fig. 2).
These pictures reveal the formation of a single plasma structure,
on the contrary of some previous studies showing a splitting of
the plume in two components (fast and slow) [14,15,20,21]. The
average axial velocity of the maximum emitting point derived from
these images (4.4 × 103 m/s) is of the same order of magnitude as

Fig. 2. Temporal evolution of the spectrally integrated optical emission of the
plasma plume obtained by laser ablation of the GLS sample. Successive laser pulses of
equal energy (15 mJ, ﬂuence = 4 J/cm2 ) were used to record the snapshots at different
delays.
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Fig. 3. Optical emission spectrum of a 0.2 mm-wide plasma slice centered at
z = 0.5 mm from the target surface (gate width = 1 s, delay = 25 ns, laser ﬂuence = 4 J/cm2 ).

in the “slow” component of plasma plume recorded for the AsSe
system [14] and is lower than the value derived from time-ofﬂight Langmuir probe experiments on the nanosecond ablation of
gadolinium gallium garnet [15]. We emphasize however that this
velocity reﬂects only the evolution of the maximum emitting point
in the plasma (which is ruled mainly by excitation collisions and
radiative de-excitations), yet individual species with signiﬁcantly
higher velocities can be present in the plume. In order to separate the contribution of each species present in the plasma plume,
we have performed a space- and time-resolved optical emission
spectroscopy study using the technique described in [21]. Fig. 3
displays an overview of the 250–700 nm spectral range recorded
in the vicinity of the target and the assignment of the most intense
spectral observed lines. One can easily notice the presence of both
neutral and ionic species in the spectrum, and even some signals
from double-charged ions in the case of La. By using the scanning
capabilities of the ICCD camera, temporal proﬁles of the emission
lines at a given distance from the target can be recorded in seconds,
as illustrated in Fig. 4. By recording these proﬁles at various distances from the target (z), and plotting the distance vs. the time
needed to reach maximum emission, one can derive axial velocities
for the individual species of interest. An example is given in Fig. 5
for the results obtained in the case of ﬁve neutral and singly charged

Fig. 5. Axial velocities of various Ga, La, and S species derived from the space–time
evolution of spectral lines (gate width = 50 ns, laser ﬂuence = 4 J/cm2 ).

species of Ga, La, and S. The velocity values derived for these species
and others (not displayed) are summarized in Table 1. These data
show the presence of high kinetic energy species in the plume, with
velocities in the range of 104 m/s. This is of practical importance
for PLD, as energetic particles hitting the surface of a growing ﬁlm
can inﬂuence the nucleation, energy and mobility of adatoms on
the surface of the ﬁlm, by colliding with atoms already adhered to
the existing islands, causing bond breaking or even sputtering. The
velocity values displayed in Table 1 turn into kinetic energies ranging from 19 eV for S+ to 190 eV for La+ . It has been shown that for
such high kinetic energies, sputtering rates exceeding 0.5 can be
reached (Ag atoms, 4.5 J/cm2 [22]). A possible solution is of course
to reduce the ﬂuence, but in this case stoichiometric transfer issues
may arise [23]).
Generally the expansion velocities of the ionized species are
found to be higher than those of the excited neutral species
[14,15,21]. This trend seems to be generally followed in our experiments (see Fig. 5), however some neutrals (e.g. Ga, see Table 1)
can exhibit velocities comparable to those of the corresponding
ions. This can be an evidence of a different ionization/excitation
mechanism for this species, possibly resulting from in-plume collisional/radiative processes rather than directly from the ablation
step.
In order to get some insight on the internal energies of the
species present in the plume, the excitation temperature can be
calculated using the relative intensities of two or more spectral
lines originating from the same ionization stage, based on the wellknown Boltzmann plot method [20,21]. An example is given in Fig. 6
for La II (spectroscopic constants from [24] have been used). Excitation temperatures for other species, recorded at z = 0.5 mm from
the target, are summarized in Table 1. Note that these are somehow
Table 1
Axial velocities and average excitation temperatures (at 0.5 mm from the target, 1 s
gate width, laser ﬂuence = 4 J/cm2 ) of some species present in the plasma plume.

Fig. 4. Optical emission time-of-ﬂight proﬁles recorded for various neutrals and
ions spectral lines at z = 0.5 mm from the target surface (gate width = 50 ns, laser
ﬂuence = 4 J/cm2 ).

Species

Velocity
[103 m/s]

Excitation
temperatures [103 K]

Ga I ( = 417.20 nm)
Ga I ( = 425.11 nm)
Ga II ( = 426.21 nm)
La I ( = 418.73 nm)
La I ( = 428.02 nm)
La I ( = 514.54 nm)
La II ( = 428.70 nm)
S II ( = 426.96 nm)

9.9
11.8
11.6
6.5
9.7
11.2
16.3
10.7

4.3
4.3
5.3
5.3
5.3
7.4
1.4
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Fig. 6. Boltzmann plot for calculation of the average excitation temperature (gate
width = 1 s) of La II at z = 0.5 mm from the target surface (laser ﬂuence = 4 J/cm2 ).

“averaged” temperatures, as the gate width of the detector was set
to 1 s. Although the temperature values are rather common for
this range of laser ﬂuences, one can easily remark the very low
temperature of S II, which can also indicate a different excitation
mechanism for this species (note also that neutral sulfur emission
lines have not been present in the spectrum).
Deeper insight on the plasma plume dynamics can be granted
by studying the space- and time-resolved proﬁles of the excitation temperature and electronic density. For temporal temperature
proﬁles, this can be done from series of snapshots taken at a given
distance and various delays with respect to the laser pulse (as those
in Fig. 4), calculating for each delay the ratio of two spectral lines
intensities (this method was preferred here for simplicity and timesaving, instead of the “heavier” Boltzmann plot method used above
to derive the “average” temperatures). Two examples are given in
Fig. 7a and b for the temporal evolution of La+ (derived from the
relative intensity of the 428.69 nm and 429.60 nm lines) at two
distances from the target (z = 0.5 mm and 1.55 mm, respectively).
The temporally resolved (50 ns resolution) excitation temperatures
obtained (roughly between 6500 K and 9500 K) are consistent with
the average value (1 s) found at z = 0.5 mm.
Moreover, the temporal evolution of the electronic density
ne can be calculated from the temperature temporal proﬁle by
using the relative intensities of the neutral atomic lines and singly
charged ionic lines according to the Saha-Eggert equation [25,26].
Using the 428.026 nm and 428.696 nm spectral lines of La* and
La+ , respectively, and the spectroscopic data from [24], we derived
the temporal proﬁles of the electron density displayed in Fig. 7.
The electron density and temperature values (at least up to the
onset of the oscillations) seem to be in fair agreement with previous studies performed at comparable ﬂuences, but on completely
different materials (Ag [27] and Cu [28]). This somehow suggests
a quite universal behavior in this range of ﬂuence, which can
be related [23] to the not so different cohesive energies (vaporization enthalpies) of e.g. Ag, Cu, Ga and La (at least in pure
solid samples). Note however that S is much more volatile (by
two orders of magnitude), which can also explain the different
behavior evidenced above. Nevertheless, the multiple maxima
present in the temperature and electronic density proﬁles reveal a
complex behavior of the plasma plume, probably driven by (excitation/ionization/recombination) collisions and electric interactions,
leading to the idea of double-layer formation and self-structuring,
as evidenced previously in [29–31]. Complementary investigations

Fig. 7. Excitation temperature and electronic density temporal proﬁles recorded at
z = 0.5 mm (a) and z = 1.55 mm (b) from the target surface (laser ﬂuence = 4 J/cm2 ).

by electrical methods (Langmuir probes and time-of-ﬂight mass
spectrometry) are envisaged in order to validate or reject this
hypothesis.
4. Conclusions
Dynamics of plasma generated by laser ablation of GLS chalcogenide has been investigated through fast ICCD imaging and timeand space-resolved optical emission spectroscopy. Axial velocities
have been derived for several neutral and singly ionized species.
Using the relative intensity method, the spatio-temporal evolution
of both excitation temperature and electronic density has been
investigated. The results evidenced a complex plasma formation
with possible self-structuring behavior. These ﬁndings may have
practical implications for pulsed laser deposition of amorphous
chalcogenide thin ﬁlms. A systematic study (using also electrical
characterization methods, e.g. Langmuir probes) on the deposition
conditions (including ablation laser pulse duration – ns, ps and fs)
is therefore planned.
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a b s t r a c t
The insertion of different elements in the cobalt ferrite spinel structure can drastically change the electric and magnetic characteristics of CoFe2 O4 bulks and thin ﬁlms. Pulsed Laser Deposition (PLD) is a
widely used technique that allows the growth of thin ﬁlms with complex chemical formula. We present
the results obtained for stoichiometric and Gadolinium-doped cobalt ferrite thin ﬁlms deposited by PLD
using a femtosecond laser with 1 kHz repetition rate. The structural properties of the as obtained samples
were compared with other thin ﬁlms deposited by ns-PLD. The structural characteristics and chemical
composition of the samples were investigated using proﬁlometry, Raman spectroscopy, X-Ray diffraction measurements and ToF-SIMS analysis. Cobalt ferrite thin ﬁlms with a single spinel structure and
a preferential growth direction have been obtained. The structural analysis results indicated the presence of internal stress for all the studied samples. By fs-PLD, uniform thin ﬁlms were obtained in a short
deposition time.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Cobalt ferrite is a ferrimagnetic material with an inverse
spinel structure which presents the highest magnetocrystalline
anisotropy and magnetostriction coefﬁcient among ferrites [1,2].
These properties encourage their use as magnetic material in
recording devices, sensors and actuators.
Cobalt ferrite thin ﬁlms can be obtained by different methods
[3–5] but the most promising technique to deposit epitaxial thin
ﬁlms with a preferential crystallographic direction and perpendicular magnetic anisotropy was found to be Pulsed Laser Deposition
(PLD) [6,7]. So far, lasers with nanosecond pulse duration (e.g.:
excimer and Nd-YAG lasers) have been used for ﬁlm growth. In
this temporal regime the thermal conductivity mechanisms control
the ablation threshold ﬂuence and the pulse duration is sufﬁciently
long so that it interacts with the formed plume [8–10]. These
ablation processes could explain the presence (in some cases) of
large droplets on the surface of thin ﬁlms obtained by ns-PLD. The
presence of these micro-sized particles limits their use in industrial applications or in magnetoelectric multilayer systems where
a low roughness is necessary to ensure good mechanical coupling between different phases. A possible solution to this problem
can be ensured by ultrafast laser ablation. The femtosecond pulse

duration is smaller than the time needed for the thermalization
processes to evolve and the short laser pulse does not interact
with the plume.The absence of liquid phase transformation at
laser-target interaction can ensure stoichiometric and nano-sized
particle ejection. Moreover, it was reported that plasma induced
by femtosecond pulsed lasers has a shorter lifetime than the one
generated by nanosecond ablation [11]. Another advantage of the
ultrafast laser systems is the high repetition rate. Reilly et al. [12]
deposited a 140 nm thick ﬁlm in 20 min using the 74.8 MHz repetition rate of an ampliﬁed Ti:sapphire system.
This study was focused on the structural characterization of ferrite thin ﬁlms obtained by femtosecond PLD with 1 kHz repetition
rate. To our knowledge, results on cobalt ferrite thin ﬁlms deposited
by femtosecond PLD were not reported until now. Another aim of
this work was to investigate the inﬂuence of Gadolinium oxide
addition in the target preparation on the structural properties of
cobalt ferrite thin ﬁlms. Due to its large ionic radii, the inclusion of
the rare earth element (Gd) into the spinel structure could determine an increase in lattice parameter and an internal stress is
induced [13]. Also the high magnetic moment of Gadolinium ions
as compared to the iron cations can produce signiﬁcant changes in
magnetic properties.
2. Experimental details
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CoFe2 O4 and CoFe1.8 Gd0.2 O4 thin ﬁlms were deposited by fsPLD using 1.5 cm diameter, 5 mm thick disk targets synthesized by
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solid state chemistry. For the stoichiometric cobalt ferrite target,
the powder was obtained by co-precipitation method, pressed and
sintered at 1150 ◦ C for 5 h in air atmosphere as described in [14].
For the Gd-doped cobalt ferrite target the powder was obtained by
solid state reaction in which the oxides of the constituent elements
were mixed in adequate proportions. The resulting powder was
calcined at 950 ◦ C for 5 h in air atmosphere and then ball milled. In
the sintering stage we used a higher temperature of 1250 ◦ C (5 h,
air atmosphere) to facilitate the crystallization process which can
be restrained due to the large ionic radius of the rare earth cation.
An experimental set-up originally developed for the study of
laser ablation plasma dynamics [8–10,15] has been exploited for
fs-PLD of the cobalt ferrite thin ﬁlms. The targets were placed
on a multi-axis manipulator under vacuum (3 × 10−2 Torr) and a
40 fs Ti:Sa laser (Spectra Physics,  = 800 nm, repetition rate = 1 kHz,
ﬂuence = 0.6 J/cm2 ) employed as ablation source was focused at
quasi-normal incidence on the target surface. The substrate ((1 0 0)
monocrystalline silicon) was resistively heated at a temperature of
300 ◦ C and positioned at 16 mm in front of the target. The deposition time was varied between 10 and 20 min. The microstructure
characteristics of the thin ﬁlms synthesized here were compared
with the ones observed for other samples previously deposited by
nanosecond PLD ( = 532 nm, repetition rate = 10 Hz) [13] using the
same two targets described above.
The structural characteristics of these thin ﬁlms were investigated by Raman spectroscopy using an InVia Reﬂex spectroscope
(Renishaw) coupled to an Olympus BXFM free-space microscope.
The experiments were carried out at room temperature with an
excitation radiation of  = 514.5 nm produced by an air-cooled Ar+
Laser source (Modu-Laser, Stellar-pro). The Raman analyses were
complemented by X-Ray Diffraction (XRD) measurements with a
Shimadzu LabX XRD-6000 diffractometer using Cu K␣ radiation
( = 1.54059 Å). In depth proﬁles of the constituent elements and
of their oxides were obtained by Time of Flight–Secondary Ion
Mass Spectrometry (ToF-SIMS) using an IonTof V SIMS instrument.
A surface of 300 × 300 m2 was sputtered using a beam of Cs+
ions and the secondary ions generated by a beam of 25 keV Bi3 +
from a central 100 × 100 m2 area were analyzed. The thickness of
the ﬁlms was measured using a mechanical contact Veeco Dektak
proﬁlometer.
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Table 1
Thin ﬁlm thickness values obtained by proﬁlometry analysis.
Sample

Repetition rate

Time of deposition (min)

Thickness (nm)

CoFe2 O4
CoFe2 O4
CoFe1.8 Gd0.2 O4
CoFe1.8 Gd0.2 O4
CoFe1.8 Gd0.2 O4

1 kHz

10
20
10
20
90

200
320
140
340
350

10 Hz

rate ns Nd-YAG laser. Using the Olympus microscope of the Raman
spectroscopy set-up the surface morphology of the thin ﬁlms was
analyzed. The as-obtained images are revealed in Fig. 1, both for fsand ns-PLD ﬁlms. For this representation we used the cobalt ferrite
ﬁlms deposited in 10 min and 45 min respectively. As one can easily
note, the surface of the ns-PLD ﬁlm (NF) is affected by the presence
of large (micrometer-sized) droplets, while the fs-PLD grown ﬁlms
(FF) present a very smooth surface. This is due to the much lower
ﬂuence used in the femtosecond regime (0.6 J/cm2 , compared to
10 J/cm2 used in ns-PLD [13]), and also to the intrinsic lower thermal effects induced by the fs-laser ablation, which avoids (or at
least greatly reduces) the formation of intermediary liquid-phase
droplets during the process. The increased uniformity of the FF sample is conﬁrmed by proﬁlometry measurements. Thickness proﬁles
of the considered thin ﬁlms are presented in the inset of Fig. 1a and
b.
By ToF-SIMS measurements, the distribution of the constituent
elements on a 500/500 m2 area was analyzed in positive and

3. Results and discussions
The bulk materials used as targets in the deposition process
(undoped and Gd-doped cobalt ferrite) were ﬁrstly analyzed by Xray diffraction. For the undoped cobalt ferrite disk, the XRD pattern
indicated the formation of a single spinel structure whereas for the
Gd-doped sample, the presence of a second phase of GdFeO3 was
observed in 12% concentration [14]. These results were conﬁrmed
by the Raman spectroscopy analysis [13]. Cobalt ferrite has 5 Raman
active modes where the peak at 465 cm−1 can be assigned to vibrations of the octahedral sublattice and the high-frequency mode at
684 cm−1 is determined by the vibrations of the tetrahedral sublattice [16]. For Gd-doped target additional vibrational modes were
detected at 139 cm−1 , 155 cm−1 , 322 cm−1 , 477 cm−1 and 615 cm−1
which can be assigned to the second phase of Gd orthoferrite.
Using these bulk materials thin ﬁlms of CoFe2−x Gdx O4 (x = 0,
0.2) were deposited by PLD in various conditions. Their thicknesses
were obtained by contact proﬁlometry measurements, leading
to the values listed in Table 1. Mechanical proﬁlometers usually
present a detection limit of 10 nm. These results are to be compared with the ones reported in [13] for the thin ﬁlms deposited
by nanosecond PLD. Using a high repetition rate of 1 kHz (and a
lower ﬂuence), in 20 min we obtained a thin ﬁlm with the same
thickness as the one deposited in 90 min with a 10 Hz repetition

Fig. 1. Microscope images and thickness proﬁles of: (a) cobalt ferrite FF deposited
in 10 min with 0.6 J/cm2 energy density and (b) cobalt ferrite NF deposited in 45 min
with a 10 J/cm2 ﬂuency.
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Fig. 2. ToF-SIMS images of the cobalt ferrite FF sample deposited in 20 min. The right colored scale represents mc (maximum counts).

negative polarity. The as-obtained images for the main elements
(Fe, Co, O) are presented in Fig. 2. These don’t reveal regions with
modiﬁed chemical properties. By this same method, in depth proﬁles of the two metals and of their oxides were obtained (Fig. 3). The
interdifusion region between the substrate and the thin ﬁlm can be
explained by the 300 ◦ C temperature used during the deposition
process.
The XRD results for the thin ﬁlms deposited using the fs laser
(FF) suggested the formation of a single spinel structure with a
preferential crystallographic growth direction. The diffractograms
are represented in Fig. 4. The presence of (2 2 2) and (4 0 0) diffraction lines at slightly decreased 2 angles indicated an increase in
lattice parameter possibly due to structural differences between
the substrate and the thin ﬁlm. When an in situ heating of the
substrate is provided, the thermal expansion mismatch can induce
internal stress and consequently cell deformation. As the ﬁlm thickness increases the inﬂuence of the substrate properties is reduced
and the diffraction lines move closer to the 2 bulk position.The
deposition of highly oriented thin ﬁlms by femtosecond PLD was
reported by other research groups [17]. Chau et al. obtained ZnO
thin ﬁlms with a (0 0 2) preferential crystallographic growth direction. Although the presence of Gd cations determined the formation
of a second phase of orthoferrite in the target, Raman spectroscopy
and XRD analysis performed on the doped thin ﬁlms indicated the
presence of a single cobalt ferrite structure. For each sample, the
mean crystallite size was calculated with a Lorentzian proﬁle of
the (4 0 0) diffraction line using Scherrer formula. We obtained a
mean crystallite dimension of 18 nm for the cobalt ferrite thin ﬁlm
deposited in 10 min and a 16 nm one for the sample deposited in
20 min. The error in measuring the crystallite size was below 2 nm.

Fig. 3. In depth proﬁles obtained in negative polarity of the cobalt ferrite FF sample
deposited in 20 min.

When Gd cations with large ionic radii are added the crystallinity
evolution is restrained. A 14 nm crystallite size was estimated for
the CoFe1.8 Gd0.2 O4 thin ﬁlm deposited in 20 min. Similarly, the
XRD pattern of NF Gd-doped cobalt ferrite sample revealed the
formation of a single spinel structure, but the presence of a more
intense (3 1 1) diffraction line in the diffractogram suggested a polycrystalline ﬁlm growth. The crystallite size estimated from the
Lorentzian proﬁle of the (3 1 1) peak was below 10 nm [13]. Due
to the high 10 J/cm2 laser ﬂuence used for these thin ﬁlms, large
particles were ejected from the target. When deposited on the
substrate, their dimensions and polycrystalline nature inﬂuenced
the growth mechanisms and determined the formation of a thin
sample with no preferential crystallographic structure. Unlike the
structural results obtained for the FF samples, for the ferrite thin
ﬁlms deposited using a nanosecond Nd-YAG laser a constrained

Fig. 4. XRD patterns of the thin ﬁlms deposited using the fs laser and of Gd doped
NF deposited in 90 min. the dotted lines represent the 2 position of the (2 2 2) and
(4 0 0) diffraction peaks corresponding to the target.
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spinel lattice which can be explained by the insertion of the rare
earth element with large ionic radius into the cubic closed packed
structure.
Although the structural characterization results indicated a
preferential growth direction for the FF samples, preliminary magnetic measurements did not reveal the presence of a magnetic
anisotropy. Using a Vibrating Sample Magnetometer, hysteresis
curves for both in plane and out of plane conﬁgurations were
obtained. We plan to perform a detailed magnetic analysis with a
torsion magnetometer which can offer more information on magnetic moment orientation.
4. Conclusions

Fig. 5. Raman spectra of the cobalt ferrite target and thin ﬁlms obtained in different
conditions (a) and an enhanced image of the 600–1100 cm−1 region of the spectra
(b).

Undoped and Gd-doped cobalt ferrite thin ﬁlms were deposited
by PLD using a femtosecond laser source with low ﬂuence and 1 kHz
repetition rate for target ablation. The structural characterization
techniques used for this study revealed that for the bulk material,
Gd cation addition determined the formation of a second phase
with a perovskyte type structure. The XRD and Raman spectroscopy
measurements conducted at room temperature on the thin ﬁlms
gave evidence of a distorted spinel phase. No residual phases were
detected. The enlarged lattice parameter observed for all FF samples
was correlated to the shift of the 684 cm−1 Raman peak to lower
frequencies. By femtosecond laser ablation, in 10 min we obtained
cobalt ferrite thin ﬁlms with improved uniformity and 200 nm
thickness. Due to the low ﬂuence used for ejection, the deposition of
micro-sized particles was avoided and the formation of a crystalline
thin ﬁlm with a preferential growth direction was achieved. ToFSIMS analysis revealed a uniform distribution of the constituent
elements and of their oxides on the surface and in the volume. These
results encourage the use of fs-PLD for thin ﬁlm deposition. Due to
the short laser pulse, the material melting stage observed at the
interaction between the nanosecond pulsed laser with the target
is avoided and an instant vaporization of the material occurs. The
ablation mechanisms from this temporal regime allow the formation of uniform thin ﬁlms with preferential crystallographic growth
directions. The high repetition rate ensures short deposition times
and represents an advantage of technological interest.
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Abstract
We report experimental results showing that a discharge plasma, which self-structures as
concentric multiple double layers, is capable of evolving towards chaos through a cascade of
spatio-temporal sub-harmonic bifurcations when the applied constraint (in the form of voltage
applied on a supplementary electrode immersed in the plasma) is gradually increased. By
considering that the plasma particles (electrons, ions and neutrals) move on fractal curves, a
theoretical model able to explain both the plasma self-structuring and the scenario of evolution
to chaos is constructed. The experimental results were found to be in good agreement with
those obtained from the theoretical model.
(Some figures may appear in colour only in the online journal)

the current collected by the electrode increases with the
number of double layers existing in the multiple doublelayer structure. At high values of the voltage applied to the
electrode, the multiple double-layer structure passes into a
dynamic state, which consists of periodic disruptions and reaggregations of the constituent double layers [10, 11]. In this
case, the luminous shells become broader and diffuse (see
the photo in figure 1(b)), because of the space–time behavior
of the constituent double layers. Thus, according to [12],
in the dynamic state the double layer moves away from the
electrode for a short distance and after this it disrupts and
re-aggregates in the initial position (it appears as a periodic
shelling).
Experimental investigations have proven the important
role of elementary processes such as electron–neutral impact
excitations and ionizations in the formation and dynamics of
the multiple double layer [7, 11].
Different models were proposed for such structures, in
which the appearance of the double layers was explained
through a bifurcation [13], or the double layers were
assimilated with Turing-type structures [14].

1. Introduction
Concentric multiple double layers are complex non-linear
potential structures in plasmas, consisting of two or more
double-layer shells attached to the anode of a dc glow discharge
[1–6] or to a positively biased electrode immersed in a plasma
[7–10]. They appear as several bright and concentric shells
attached to the electrode (as shown in figure 1(a)). The
successive double layers are located precisely at the abrupt
changes in luminosity between two adjacent plasma shells.
The number of layers depends on the background gas, on
its pressure, on the electrode voltage and on the discharge
current [6, 8]. The axial profile of the plasma potential has
a stair step shape, with potential jumps close to the ionization
potential of the working gas [3, 7, 10]. Simultaneously with
each new double-layer appearance, a current jump is recorded
in the current–voltage characteristic of the exciting electrode
[7]. See, for example, the current–voltage characteristic
of the exciting electrode in figure 2, recorded under the
experimental conditions in which a multiple double-layer
structure consisting of two double layers was obtained. Thus,
0963-0252/13/035007+11$33.00
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Figure 1. Multiple double layers in a plasma in (a) static and
(b) dynamic states.
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Figure 3. Schematic of the experimental setup (F—filament,
A—anode, E—supplementary electrode, P—cylindrical probe,
U1 —power supply for heating the filament, U2 —power supply for
the discharge, PS—power supply for supplementary electrode bias,
R1 , R2 —load resistors).
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by an electrical discharge between the hot filament (marked
by F in figure 3) as a cathode and the grounded tube (made
of non-magnetic stainless steel) as an anode. The plasma
was pulled away from equilibrium by gradually increasing the
voltage applied to a tantalum disk electrode (marked by E in
figure 3) of diameter 1 cm, under the following experimental
conditions: argon pressure p = 10−2 mbar, plasma density
npl  109 cm−3 and electron temperature kTe  2 eV.
When the voltage on the electrode reaches VE  55 V,
a double-layer structure appears in front of the electrode (see
the photo in figure 4(a)). Due to the experimental conditions,
this structure appears directly in a dynamic state, as explained
in [19]. Such a dynamic state of a double layer was extensively
described in [20–23]. The oscillations of the current collected
by the electrode, their FFT and the reconstructed attractor of the
system dynamics in the state space (by the time delay method,
extensively described in [24]) are shown in figures 5(a), (b)
and (c), respectively. By a further increase in the voltage on the
electrode, new double layers develop in front of the electrode,
giving rise to a dynamic multiple double-layer structure (see
photos in figures 4(b)–(e)). Simultaneously with every new
double-layer formation, a new sub-harmonic appears in the
FFT spectrum of the current oscillations collected by the
electrode, the corresponding attractor becoming more and
more complex (see figure 5, second and third columns). Thus
we recorded, in fact, spatio-temporal bifurcations in the plasma
system (sudden changes in the spatial symmetry and in the
temporal dynamics of the plasma system). At high values of the
applied potential, the plasma system passes into a chaotic state,
characterized by uncorrelated and intermittent oscillations (see
figures 5(s)–(u), respectively).
Figures 6(a) and (b) show the axial profiles of the electric
field and electric charge density in front of the electrode (the
electrode is placed at the position x = 0 on the graphs),
respectively, obtained as the first and second derivatives of the
axial profile of the plasma potential, which was experimentally
recorded with the help of an axially movable emissive probe.
The two graphs correspond to the situation in which a multiple
double-layer structure consisting of two double layers exists
in front of the electrode in a static state (no oscillations of the
current collected by the electrode being recorded). The double

120

Figure 2. Current–voltage characteristic of the exciting electrode,
recorded under the conditions in which a multiple double-layer
structure consisting of two double layers develops.

In many systems where deterministic chaos arises, spatial
and temporal structures were also experimentally observed.
For time scales large with respect to the inverse of the
maximum Lyapunov exponent, deterministic trajectories can
be replaced by families of potential trajectories and the concept
of definite positions by that of probability density. This
allows the description of chaos in a stochastic way by a
diffusion process as described in [15]. By considering that
the particle movement takes place on continuous but nondifferentiable curves (fractal curves), the scale relativity theory
(SRT) approaches the chaotic effects in the same way as in [16],
except for diffusion, which becomes a spatio-temporal scaledependent process (see [17, 18] for details).
Here we report experimental results revealing how the
electrically conductive plasma can self-structure in the form
of concentric multiple double layers. We show that these
new structures evolve toward chaos through a cascade of
spatio-temporal sub-harmonic bifurcations when the applied
constraint in the form of voltage applied on a supplementary
electrode immersed into the plasma increases. The fast Fourier
transforms (FFTs) of the current oscillations collected by the
electrode illustrate the appearance of new sub-harmonics of the
fundamental frequency simultaneously with every appearance
of a new double-layer structure (as part of the multiple doublelayer structure) in the dynamic state. A theoretical model
based on SRT is developed, and its results are found to be in
good agreement with the experimental data. Thus, the model
describes both the self-structuring of a constrained (in the
form of potential applied on the electrode) plasma as multiple
double-layer structures and its evolution to chaos through a
cascade of spatio-temporal bifurcations.

2. Experimental results
The experiments were performed in a plasma diode,
schematically presented in figure 3. The plasma is created
2
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(c)

(b)

(d)

(e)

Figure 4. Photos of the multiple double-layer structure at different stages (at different potentials applied on the electrode) of its formation.

layers are placed in the positions where the electric field has
the maximum values, marked by arrows in figure 6(a). From
figure 6(b) we observe that the space charge density decreases
as the distance to the electrode increases.
The stability of a double layer is ensured by the balance
between the production of electrons and positive ions through
electron–neutral impact ionizations and excitations and the
particle losses by recombination and diffusion (see [7, 10, 25]
for details). At high values of the current flowing through
the structure, this equilibrium is lost and the double layer
passes into a dynamic state. When the double layer disrupts,
the initially trapped particles (electrons and positive ions)
are released and move toward the electrodes as bunches. In
the case of multiple double layers, the free particles have
to pass through the other double layers and can affect their
dynamics. Then, the dynamics of the multiple doublelayer structure becomes more complex and spatio-temporal
bifurcation appears (sub-harmonics in the current oscillation
spectrum and a spatial bifurcation of the plasma in front of
the electrode are observed). This resembles the well-known
Feigenbaum scenario of transition to chaos by cascades of
period-doubling bifurcations [26], but is not the case because in
our experiment we did not record period-doubling bifurcations,
except for the first one, but sub-harmonic bifurcations.
The final plasma system state is a chaotic one, consisting
of uncorrelated and intermittent oscillations with a broad
spectrum and many peaks being present, which corresponds
to the unstable periodic dynamics of the multiple double-layer
structure.

explain this assertion. Between two successive collisions the
trajectory of any particle is a straight line, while it becomes
non-differentiable at the impact points (there are left and right
derivatives at these points [16, 17, 27]). Considering that all
the collision points constitute an innumerable set of points,
it results in the trajectories becoming continuous and nondifferentiable curves (fractal curves). Once such a hypothesis
is accepted, some specific consequences through SRT are
stated (we will adapt these to the dynamics of a discharge
plasma) [16–18, 27]:
(i) A continuous and non-differentiable curve is explicitly
scale-dependent. Its length tends to infinity when the scale
interval tends to zero. Since the generalization of this
theorem to three dimensions is straightforward, it follows
that a continuous and non-differentiable space is fractal,
under the general meaning of scale divergence [28].
(ii) Non-differentiability (through fractality) involves the use
of fractal functions to describe the dynamics of a discharge
plasma. This means that the quantities describing the
dynamics depend on both coordinate (x), time (t) and the
scale resolution (dt), in the general form [17, 27]
F (x, t, dt) = P (x, t) + Q(x, t, dt)

(1)

where P (x, t) is a differentiable function, while
Q(x, t, dt) = Q̄(x, t)(dt)τ

(2)

is a non-differentiable function and τ a parameter
depending on the fractal dimension DF of the movement
curve. We can distinguish the following limit dynamic
regime:
– asymptotic regime for small-scale resolutions dt  1
and constant τ , a case in which relation (1) reduces
to the power-type law

3. Theoretical results
The analysis of the complex dynamics of a discharge plasma
can be simplified by supposing that it displays chaotic
behavior, self-similarity and strong fluctuations on all possible
scales [16–18, 27–29]. This means that the plasma particles
(electrons, ions and neutrals) move on continuous but nondifferentiable curves, i.e. fractal curves (for example the Koch
curve, Peano curve or Weierstrass curve [27–29]). Let us

F (x, t, dt) → Q̄(x, t)(dt)τ ;

(3)

in particular, the Child–Langmuir conduction, j ∼
V 3/2 , is a power-type law;
3
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Figure 5. Oscillations of current (first column), their FFTs (second column) and the attractor of the plasma system dynamics in the
reconstructed state space (third column), at different increasing values of the voltage applied to the electrode.
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Figure 7. Theoretical dependence of the fractal normalized current
on the fractal normalized potential.

– once ā is fixed (with ā  8), for values of the
fractal normalized current in the interval AB on the
characteristic (see figure 7), the fractal normalized
voltage can have two distinct stable values;
– the conduction bistability is associated with the
negative differential resistance (or hysteresis);
– since in relation (5) φ̄ and I¯ are fractal functions, they
show the property of self-similarity. Consequently,
the conduction bistability from figure 7 can be found
at any scale resolution (i.e. for different ionization
and recombination rates). Thus, we state the possible
correspondence between the multiplicity order of the
double layer and that of the conduction bistability (see
the experimental hysteresis cycles from figure 2 for
double layers of multiplicity two).
(iii) There is an infinity of fractal trajectories (geodesics)
relating any couple of points on all scales. In order to
account for the infinity of geodesics, for their fractality and
for two-valuedness of the derivative, which all come from
the non-differentiable geometry of the space (for details
see [17, 27]), one therefore adopts a generalized statistical
fluid-like description (fractal fluid).

Figure 6. Axial profiles of (a) the electric field (the positions of the
individual double layers are marked by arrows) and (b) charge
density, respectively, in front of the electrode.

– asymptotic regime for large-scale resolutions dt  1
and constant τ , a case in which relation (1) involves
F (x, t, dt) → P (x, t);

In fact, according to SRT, the dynamics of the plasma
discharge are described by the complex operator [31–34]

(4)

d̂
∂
=
+ V̂ · ∇ − iD(dt)(2/DF )−1 ,
dt
∂t

for example, Ohmic conduction is such a regime.
According to [30] and through relations (1) and (2),
we can choose the fractal normalized current–voltage
characteristic in the form


ā
φ̄ = I¯ 1 +
,
(5)
1 + I¯2

(6)

where V̂ is the complex speed field
V̂ = VD − iVF ,

(7)

VD is the standard classical speed (differentiable speed), which
is independent of scale resolution, while the imaginary part,
VF , is a new quantity arising from non-differentiability (the
fractal speed), which is resolution-dependent, D is a structure
coefficient, characteristic of the fractal–non-fractal transition
[17, 27]. In the standard models [35, 36], the movements of the
plasma particles take place on continuous and differentiable
curves, so that its dynamics are described by the classic
operator d/dt.
Applying the operator (6) to the complex speed field (7)
and accepting a generalized inertial principle, we obtain a

where φ̄ is the fractal normalized voltage, I¯ is
the fractal normalized current and ā is a parameter
depending on the scale resolution. This relation
induces a conduction bistability (see figure 7) as
follows:
– according to [30], the restriction ā  8 implies the
bistability;
– the value of ā sets the scale resolution through the
ionization and recombination rates;
5
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Navier–Stokes-type equation:
∂ V̂
d̂V̂
=
+ (V̂ · ∇)V̂ − iD(dt)(2/DF )−1 V̂ = 0.
dt
∂t

Further, using equations (14) and (15) for an axial
symmetry, we will analyze the dynamics of a discharge plasma
by choosing expression (A.10) from the appendix for the fractal
potential and considering that the movements of the plasma
particles take place on fractal curves with DF = 2 (for details
see [17, 27–30]). The external constraint on the discharge
plasma, in the form of potential applied on the electrode, is
specified by adequate initial and boundary conditions. Let us
introduce the normalized quantities:
VDr
VDz
ωt = τ, kr = ξ, kz = η,
= Vξ ,
= Vη ,
c
c
kc
ρ/ρ0 = N,
= 1,
(18a–g)
ω
where ω is the plasma pulsation, k is the inverse of the Debye
length, c is the ion-acoustic speed and ρ0 is the equilibrium
plasma density. Then, equations (14) and (15) become

(8)

Equation (8) means that at any point of a fractal path, the
local acceleration term, ∂t V̂ , the non-linear (convective) term,
(V̂ · ∇)V̂ , and the dissipative one, V̂ , balance. Moreover,
the behaviors of the plasma are of viscoelastic or of hysteretic
type, i.e. it has memory (see also the consequence (ii) above).
Such a result is in agreement with the opinion given in [31–34]:
a plasma can be described by the Kelvin–Voight or Maxwell
rheological model with the aid of complex quantities, e.g. the
complex speed field, V̂ , the imaginary viscosity coefficient,
iD(dt)(2/DF )−1 , etc.
If the motions of the discharge plasma are irrotational,
∇ × V̂ = 0,

∇ × VD = 0,

∇ × VF = 0,

(9a–c)

we can choose V̂ of the form
V̂ = −2iD(dt)(2/DF )−1 ∇ ln ψ.

(10)

√
√
For ψ = ρeiS , with ρ the amplitude and S the phase of ψ,
the complex speed field (7) takes the explicit form
V̂ = 2D(dt)(2/DF )−1 ∇S − iD(dt)(2/DF )−1 ∇ ln ρ,

(12)

VF = D(dt)(2/DF )−1 ∇ ln ρ.

(13)

∂ρ
+ ∇ · (ρ VD ) = 0,
∂t
with Q the specific fractal potential
√
2
(4/DF )−2  ρ
Q = −2D (dt)
√
ρ

(20)

Vξ (0, ξ, η) = 0,
1  ξ  2,

(21)

Vη (0, ξ, η) = 0,
0  η  1,

N (0, ξ, η) = 1/5,
(22a–e)

as well as the boundary conditions
Vξ (τ, 1, η) = Vξ (τ, 2, η) = 0,
Vη (τ, 1, η) = Vη (τ, 2, η) = 0,
Vξ (τ, ξ, 0) = Vξ (τ, ξ, 1) = 0,
Vη (τ, ξ, 0) = Vη (τ, ξ, 1) = 0,
N (τ, 1, η) = N (τ, 2, η) = 1/5,
 
 
1
τ − 1/5 2
N (τ, ξ, 0) =
exp −
10
1/5
 
2 
ξ − 3/2
× exp −
,
1/5

(14)
(15)

N (τ, ξ, 1) = 1/5.

VF2
(16)
− D(dt)(2/DF )−1 ∇ · VF .
2
Equation (14) represents the law of momentum conservation,
while equation (15) represents the law of density conservation.
Through the fractal speeds field, VF , the specific fractal
potential, Q, is a measure of non-differentiability of the plasma
particle trajectories, i.e. of their chaoticity. The presence of an
external field with a specific scalar potential U modifies the
law of momentum conservation in the form

=−

∂ VD
+ (VD · ∇)VD = −∇(Q + U ).
∂t

∂
1 ∂
∂
∂N
(N Vη ) +
(ξ N Vξ Vη ) +
(N Vη2 ) = −
,
∂τ
ξ ∂ξ
∂η
∂η

For the numerical integration we shall impose the initial
conditions

By substituting (11)–(13) into (8) and separating the real and
imaginary parts, up to an arbitrary phase factor which may be
set at zero by a suitable choice of the phase of ψ, we obtain
∂V
+ (VD · ∇)VD = −∇Q,
∂t

(19)

∂N 1 ∂
∂
+
(ξ N Vξ ) +
(N Vη ) = 0.
∂τ
ξ ∂ξ
∂η

(11)

VD = 2D(dt)(2/DF )−1 ∇S,

∂
1 ∂
∂
∂N
(N Vξ ) +
(ξ N Vξ2 ) +
(N Vξ Vη ) = −
,
∂τ
ξ ∂ξ
∂η
∂ξ

(23a–g)

The equation system (19)–(21) with the initial conditions
(22a–e) and the boundary conditions (23a–g) was numerically
solved using the finite differences [37]. Figures 8–10 show
the three-dimensional (3D) dependences (figures 8(a)–10(a))
and two-dimensional (2D) contours (figures 8(b)–10(b)) of
the normalized density N and the normalized speeds Vξ and
Vη , respectively, on the normalized coordinates ξ and η at
the normalized time value τ = 0.74. Using these numerical
solutions, the theoretical profiles of the electrical field and
density, respectively, are given in figures 11(a) and (b).
This results in the following:

(17)

Equations (14)–(16) define the fractal hydrodynamics.
A correspondence with the classical hydrodynamics is
established in the appendix.

– generation of multiple structures in the plasma
(figures 8(a) and (b)), corresponding to the multiple
double layers, such as those shown in figure 4;
6
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Figure 8. (a) 3D dependence of the normalized density field N on the normalized spatial coordinates (ξ, η) and (b) 2D contour of the same
normalized density field at normalized time τ = 0.74.

Figure 9. (a) 3D dependence of the normalized speed field Vξ on the normalized spatial coordinates (ξ, η) and (b) 2D contour of the same
normalized speed field at normalized time τ = 0.74.

– symmetry of the normalized speed field Vξ with
respect to the symmetry axis of the spatio-temporal
Gaussian (figures 9(a) and (b));
– shock waves and vortices at the structure’s periphery
for the normalized speed field Vη (figures 10(a)
and (b));
– good agreement between the experimental curves
in figures 6(a) and (b) and the theoretical ones in
figures 11(a) and (b).
(iv) Chaoticity through non-differentiability (fractalization).
In fact, by substituting (10) into (8) and using the method

described in [31–34], the following is obtained:
dV̂
= −2iD(dt)(2/DF )−1 ∇
dt


∂ ln ψ
∇ψ
×
− 2iD(dt)(2/DF )−1
= 0.
(24)
∂t
ψ
Equation (24) can be integrated in a universal way and
yields
L̂ψ = 0,
(25)
∂
L̂ = 4D 2 (dt)(4/DF )−2  + 2iD(dt)(2/DF )−1 ,
(26)
∂t
7
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Figure 10. (a) 3D dependence of the normalized speed field Vη on the normalized spatial coordinates (ξ, η) and (b) 2D contour of the same
normalized speed field at normalized time τ = 0.74.

Figure 11. Profile of (a) the normalized electric field and (b) charge density for ξ = 0.3.

one-dimensional (1D) potential well, according to the
method described in [34], we obtain the discrete energy
eigenvalues after solving either the time-independent
fractal hydrodynamic equations (14)–(16), or the timeindependent Schrödinger-type equation (27):
 nπ x 2
En ≡ Qn = 2m0 D 2 (dt)(4/DF )−2
,
a
n = 1, 2, . . .
(29)
and the eigenfunctions
 1/2
2
nπ x
,
(30)
sin
n =
a
a

up to an arbitrary phase factor, which may be set to zero by
a suitable choice of the phase of ψ. Equation (25), where
L̂ is the differential operator (26), is of Schrödinger type.
If the discharge plasma is placed in the external field U ,
then (25) and (26) become
L̂1 ψ = 0,

(27)

∂
− U. (28)
∂t
Since the position vector of the particle is assimilated with
a stochastic process of Wiener type (for details see [17,
27]), ψ is not only the scalar potential of a complex speed
(through ln ψ), but also the density of probability (through
|ψ|2 ) in the frame of a Schrödinger-type theory. It results
in the equivalence between the fractal hydrodynamics—
see (14)–(16)—and the Schrödinger-type equation—
see (25) and (26)—as well as the chaoticity through
stochasticization via fractalization. Now, by considering
that the potential applied on the electrode immersed
into the plasma simulates, in our opinion, an infinite
L̂1 = 4D 2 (dt)(4/DF )−2  + 2iD(dt)(2/DF )−1

where a is the well’s width and m0 is the mass of the fluid
particle.
Let us consider the expression kn2 = n2 k12 induced by
the generalized coherence (in the present context, the physical
meaning of the generalized coherence refers to the generation
of multiple double layers; for details see [38, 39]). Then, the
relation
(31a)
Qn = Q1 n2
8
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with

with

Q1 =

π
k1 = ,
a

2m0 D 2 k12 ,

D = D(dt)

cn =

(2/DF )−1

(31b–d)

or in the form

ψ(x, t) =

(32)

(33a,b)

gives the characteristic times:
2πm0 D
,
n̄Q1

(34a,b)

4πm0 D
Tβ =
.
Q1

1
k1
=
Tβ
2π



Q1
2m0

1/2
.

f (p, q) =

(35)

p
Tβ
q

(41)

1
q
= f0 ,
T (p, q)
p

f0 =

1
.
Tβ

(42a,b)

The condition p > q specifies the presence of sub-harmonics
in the Fourier spectra.
Now, through the fractal expressions
E1 =

m0 V 2
p
= 4π m0 D f (p, q)
2
q

(43)

we can introduce the Reynolds’s ‘fractional’ criterion [46]

where Q1 is the ion energy, m0 is the ion mass, n0 is the
ion density in the double layer and V is the voltage on the
double layer. For our experimental conditions kTi  0.2 eV,
ne ∼
= ni = n0  109 cm−3 , mi = m0  40 amu and V 
100 V, we obtain the width of the double layer a  3.3 mm and
the disruption frequency f0  150 kHz. These values are in
good agreement with those experimentally obtained by us (see
figure 5) as well as with those from the literature [20, 32, 43].
Now, the fractional revival formalism may be applied.
Fractional revival of a physical function occurs when a physical
function evolves in time to a state that can be described as a
collection of spatially distributed physical sub-functions each
of which closely reproduces the initial physical function shape;
see [44] for details. In this context, we write the particle’s
initial (t = 0) scalar potential speed function in the square
well as
(37)
ψ(x, t = 0) = ψi (x).

Re(p, q) =

Vc Lc
p
= ,
ν̃
q

(44)

where we used the following substitutions:
Vc = V ,

Lc = Vf −1 (p, q),

ν̃ = 8π D(dt)(2/DF )−1 .
(45a–c)

From (42) and [46] it results in a critical value for the Reynolds
number, Rec . Up to this value the fractal fluid flow becomes
turbulent. Because from (42a) with p > q it results in
sub-harmonics for Rec , according to [47–49], a criterion of
evolution to chaos through a cascade of spatio-temporal subharmonic bifurcations is stated. We call this criterion the
‘fractional’ criterion of transition to chaos.

4. Conclusion
A scenario of transition to chaos through a cascade of
sub-harmonic bifurcations was experimentally evidenced in
connection to the generation and dynamics of concentric
multiple double layers in a discharge plasma.
Non-linear dynamics analyses were performed at different
increasing values of the voltage applied to the electrode.

We expand this scalar potential speed function using
relation (30):
∞

cn φn (x)

(40)

for relatively prime integers p and q (that is, p/q forms a
simplified fraction). In terms of frequency, expression (41)
takes the form

Let us evaluate expression (35) with respect to our
experimental results.
Thus, by identifying a with a
characteristic length of the double layer, namely its width (see
also [40–42]), a = (2ε0 V /en0 )1/2 , expression (35) takes the
form


1 en0 Q1 1/2
,
(36)
f0 =
2 m 0 ε0 V

ψi (x) =

exp[−i2π(t/Tβ )n2 ]cn ψn (x).

T (p, q) =

Because Tβ is independent of n̄, expression (34b) defines a
universal time scale. By means of relations (34b) and (31b), a
characteristic frequency can be obtained:
f0 =

(39)

A function F (n), whose domain is restricted to the integers
(n ∈ Z), can be written as a finite sum of exponentials if and
only if it is r-periodic, that is, if there is an integer r such that
F (n) = F (n + r) for all n. Such a finite sum is called the finite
Fourier series (see also [45]).
In our case, we identify F (n) = exp[−i2π(t/Tβ )n2 ]. The
necessary and sufficient condition for this exponential to be a
periodic function of the quantum number n is that the time
ratio t/Tβ must be rational, and we write


(n − n̄) (n − n̄)2
Qn = Qn̄ + 4π m0 D
,
+
Tα
Tβ

Tα =

φn (x)ψi (x) dx.

n



Qn̄ = Q1 n̄2

−∞

Using the time scale Tβ , the time evolution of the system is
found from the Schrödinger-type equation (28) to be

expanded around n̄ either in the form
Qn = Q1 n̄2 + 2Q1 n̄(n − n̄) + Q1 (n − n̄)2

+∞

(38)

n=1

9
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Moreover, the axial profiles of the electric field and respectively
charge density in front of the electrode were plotted.
By considering that the particle movements in a dc gas
discharge plasma take place on fractal curves, a mathematical
model according to SRT was developed in order to describe
the dynamics of a discharge plasma. Thus,

The quantities ν and ν̄ are formal viscosities, both of them
being induced by the fractal scale. Then, the tensor σil takes
the usual form


∂VFi ∂VFl
.
(A.9)
σil = ν̄
+
∂xl
∂xi

(i) using the fractal hydrodynamics, self-structuring of a
discharge plasma as concentric multiple double layer was
analyzed. In this conjecture, good similarity between the
experimental and theoretical dependences was obtained;
(ii) using the fractional revival formalism, a Reynolds’s
fractional criterion of evolution to chaos through a cascade
of spatio-temporal sub-harmonic bifurcations was stated.

In particular, if σil is diagonal,
σil = σ δil ,
equations (14) and (15) in this paper take the form


∂ VD
∇σ
m0
+ (VD · ∇ VD ) = −
,
∂t
ρ
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Appendix
The fractal potential Q can generate a viscosity stress type
tensor. In fact, written in the form


 
2
1 ∇ρ 2
2
(4/DF )−2 ∇ ρ
Q̄ = −m0 D (dt)
(A.1)
−
ρ
2 ρ
the fractal potential induces the symmetric tensor
σil = m0 D 2 (dt)(4/DF )−2 ρ∇i ∇l ln ρ


(∇i ρ)(∇l ρ)
= m0 D 2 (dt)(4/DF )−2 ∇i ∇l ρ −
.
(A.2)
ρ
The divergence of this tensor is equal to the force density
associated with Q̄:
(A.3)

The quantity σ̄ can be identified with the tensor of viscosity
stress in a Navier–Stokes-type equation:
m0 ρ

dVD
= ∇ · σ̄ .
dt

(A.4)

The momentum flux density type tensor is
πil = m0 ρVDi VDl − σil ,

(A.5)

and it satisfies the momentum flow type equation
m0

∂
(ρ VD ) = −∇ · π̄.
∂t

(A.6)

In order to complete the analogy with classical fluid mechanics,
we formally introduce the kinematical and dynamical types’
viscosities:
ν = 21 D(dt)(2/DF )−1 ,
(A.7)
ν̄ = 21 m0 ρD(dt)(2/DF )−1 .

(A.11)

∂ρ
+ ∇ · (ρ VD ) = 0.
(A.12)
∂t
Let us now consider that the movements of the plasma particles
take place on Peano-type curves (for details see [17, 27–30]).
Then, if we assimilate the tensor (A.9) with the gas pressure,
i.e. σil = pδil , equations (A.11) and (A.12) are reduced to the
classical plasma hydrodynamics.

As a final conclusion, one can observe the good agreement
between the experimental results and those theoretically
obtained.

∇ · σ̄ = −ρ∇ Q̄.

(A.10)

(A.8)
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